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Electrostatic conversion devices operate through periodic modulation of capacitance. Such devices have a
wide range of configurations, involving either changes in permittivity, electrode-plate spacing or wetting
area. The presented study examines, theoretically, a potential configuration of an electric-double-layer
capacitor (EDLC)-based transducer, as it converts concentration and temperature oscillations into an elec-
tric alternating current. A constant voltage applied at the EDLC electrodes results in the formation of two
opposite-sign EDLs, and an electric current is generated when ionic charges pass from one EDL to the
other. In the examined configuration, this ionic charge transfer is induced by boundary modulation of
temperature and/or concentration. To capture the oscillating dynamics of the ion distribution and ion
flux, we solve the full set of Poisson-Nernst-Planck (PNP) equations coupled with the energy equation.
We find that the transducer’s optimal conditions for conversion, for which the device’s frequency
response is maximized, are governed by three main factors: low irreversible Joule heating, confined
geometry, where the capacitor thickness is a close as possible to the EDL’s characteristic screening length,
and, most importantly, ‘tuning’ the system to a resonance frequency dictated by the interplay between
geometry and characteristic time scales for mass and heat diffusion.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

tions, intended for self-powered electronic systems and remote
sensors [1-4]. An electrostatic parallel-plate capacitor stores elec-

Capacitive or electrostatic energy conversion devices harness
mechanical vibrational energy to produce electricity through a
variable capacitor. These devices typically serve as energy har-
vesters, scavenging energy from small amplitude ambient vibra-
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tric energy by separating opposite charges with a dielectric
inserted between the two conductive plates. When maintaining
constant voltage V between the plates, the charge stored in a
capacitor equals Q = CV, where C is the capacitance. In equilib-
rium, the parallel plate capacitance equals C = A¢/d, where A is
the plate area, ¢ is the permittivity of the dielectric material
and d is the plate separation. Vibrations may induce capacitance
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variations by changes to one or more of the following: (1) overlap-
ping area, (2) permittivity, and (3) gap spacing [5].

Electric double layer capacitors (EDLC), also known as electro-
chemical capacitors or super capacitors, are a class of capacitors
that store electric energy at the interface between an electrolyte
and a solid electrode [6]. In this case, the charge is separated by
two neighboring phases or layers in an interfacial structure known
as the electric double layer [7]. According to the Gouy-Chapman
model [8], the capacitance of the EDLC with a fully dissociated,
symmetric 1:1 salt at low applied voltages (VF/RT <« 1) is
C = A¢//p, analogous to the capacitance of a parallel-plate capaci-
tor. Here, A is the electrode’s surface area, T is the temperature, F is
Faraday’s constant, R is the universal gas constant and the effective
‘plate separation’ is represented by the Debye length

Jp = /€RT/2F*c,., where ¢ is the solvent permittivity and c is

the solution’s bulk concentration. The Debye length is the charac-
teristic distance from the electrode, over which excess ionic
charges decay, eventually reaching the electro-neutral bulk
solution.

Unlike conventional EDLCs, capacitive energy harvesting
devices and transducers do not store energy but, rather, convert
mechanical work, heat or salinity gradients into electrical energy
by modulating the EDLC capacitance [9]. The analogy between
the systems suggests that EDLC capacitance variations could be
achieved in a similar fashion to that employed for parallel plate-
based harvesters. Overlapping-area capacitance changes have been
demonstrated through mechanical modulation of the EDL at the
interfacial areas of a liquid bridge between two conducting plates
[10-12]. Permittivity capacitance change can be achieved, for
instance, by displacement of a moveable liquid dielectric or elec-
trolyte droplet. This technique takes advantage of the significant
difference in permittivity between the liquid and air [13,14]. EDLC
‘plate spacing’ capacitance change is achieved by alternating the
Debye length Ap. This deformation can be induced by mechanical
fluctuations [15,16] or by ’Capacitive Double Layer Expansion’
which was originally implemented by Brogioli [17]. The latter tech-
nique utilizes the Debye length’s dependence on salt concentra-
tion. This technique’s working principle inspired the
development of several technologies, each one harvesting energy
from a different source: (1) Energy extraction from salinity gradi-
ents between sea water and fresh water streams, known as ‘Capac-
itive Mixing’ (CapMix) [18,19]. Capacitive mixing can also serve as
means of extracting energy from mixing sea water and acidic
wastewater [20]. (2) Energy extraction from the concentration dif-
ference between CO,, from power plant exhaust gas, and ambient
air [21,22]. (3) Energy extraction from temperature gradients
between two heat reservoirs [23] - this technique exploits the
Debye length’s dependence on the solution’s temperature rather
than its bulk concentration. All mentioned CDLE technologies har-
vest energy utilizing the the same charge-constrained electrostatic
cycle [3] where the capacitance is lowered (by Debye length
increase) at a constant charge.

Inspired by the concept of electric current generation in an
EDLC through concentration/temperature modulation, we concep-
tualize a periodic, EDLC-based energy transducer. A constant
applied voltage at the electrodes forms two EDLs of opposite signs
in the vicinity of each electrode, and an electric current is gener-
ated when ionic charges pass from one EDL to the other. This initial
ionic charge transfer is attained by periodically altering the balance
between the electro-migration and mass diffusion of the ions. This
alteration is driven by boundary modulation of either an
electrically-neutral ion flux (forcing a concentration gradient) or
heat flux (forcing an ion-mobility gradient). When the capacitance
oscillations of an EDL are lower than the nominal value dictated by
the equilibrium state, ionic charges are released. In the presented

study, we are motivated by the challenge of designing a reliable
transducer capable of converting temperature and composition
oscillations into an electric current, with no moving parts. One
may envision the integration of such a transducer with other tech-
nologies where temperature and pressure oscillations are induced,
such as thermoacoustic engines [24] and oscillating heat pipes
[25], providing a reliable means of energy conversion.

In what follows, we present the formulation of a mathematical
model describing the physical response and performance of a
transducer of this kind. This model can help identify the critical
range of parameters in which the performance and efficiency are
optimal, attaining the maximum current density amplitude. The
ion concentration, electric potential and temperature fields (and
the generated electric current) are found through the solution of
the Poisson-Nernst-Planck (PNP) equations, coupled with the
energy equation. Three possible configurations are examined in
terms of the periodic input, namely salt, temperature or a
combination of both.

2. Model formulation

The conceptualized system considers two basic configurations,
based on a typical electrochemical cell, consisting of two charged
electrodes separated by an electrolyte. The voltage between the
two electrodes, V, is kept constant by an external power source.
The boundary at x = 0 is assumed to be a non-penetrable and ther-
mally insulated electrode. The electrolyte’s boundary at x =1L
defines the transducer type. For a temperature-driven transducer,
the boundary at x =L is an impenetrable electrode with an
imposed oscillating temperature (see schematic drawing in
Fig. 1a), while for a concentration-driven transducer a possible
configuration can be that of two electrodes separated by two layers
- an electrolyte film and a dielectric gas phase - this enables a sol-
uble gas to enter and exit the electrolyte layer, as in an absorption
system. In this case, the boundary at x = L is the interface between
the electrolyte and gas. Pressure or temperature oscillations in the
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Fig. 1. A schematic representation of the EDL-based, capacitive transducer. a.
Temperature-driven transducer, consisting of a typical electrochemical cell with a
periodic variation of temperature on one side. b. Concentration-driven transducer,
conceptualized as an electrolyte film in contact with a gas phase, in which
temperature and composition changes are induced by pressure oscillations - a
soluble gas component may thus sorb and de-sorb out of the electrolyte. The two
layers are confined within a parallel-plate electrochemical cell.
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gas phase, e.g. produced by a thermoacoustic engine [26], induce
an oscillating concentration (and temperature) on the electrolyte’s
boundary. Assuming that the capacitance of the gas phase layer is
much lower than the electrolyte’s, due to material properties (the
permittivity of the gas is much lower than the liquid), one may
show that the linear electrostatic potential gradient across the
dielectric gas phase is small (See schematic drawing in Fig. 1b).
To keep a reasonable level of simplicity at this point, the gas phase
dynamics are neglected within the presented framework.

2.1. Governing equations

In order to find the concentration (c., for the positive and neg-
ative ions, respectively), temperature (T) and electric potential (¢)
distributions along the direction perpendicular to the electrodes,
we solve the Poisson-Nernst-Planck (PNP) equations, coupled with
the energy equation. For simplicity, we consider a fully dissociated
symmetric 1:1 salt with equal, constant diffusivities. The depen-
dence of the diffusivity on the electrolyte concentration is not
accounted for, nor are the possible effects of the finite size of ions
in the solution and at the electrode - as this model represents an
initial step towards understanding the dynamics of such systems,
we leave these aspects for future refinement and extensions.

We begin by casting the PNP equations into dimensionless
form. The electrolyte layer thickness, L, is used as the reference
length scale, and the “RC time” [27] - the EDL charging time
Tre = ApL/D - as the characteristic time scale. The characteristic
size of the EDL is given, naturally, by the Debye length

/p = 1/ &RT/2F%c,, where c, is the the nominal salt concentration
of the electrolyte prior to its polarization. The thermal voltage
® = RT,/F is used as a reference scale for the electrostatic potential
and the temperature is scaled using the mean part of the applied
temperature, To. Further, we define the mobility according to the
Einstein relation: v = 2. Hence, the following dimensionless vari-
ables may be defined:
X D

X:Z, t:mn

~ F ~ T

d=prd  T=p (1)
In addition, the dimensionless average salt concentration ¢ and

average charge density p are given by

o CtC ~ C—C
€= 2¢, ' p= 2¢, @)

This formulation allows to conveniently distinguish between
ionic charge transport and neutral salt transport [27-30].

The ion distribution satisfies the conservation of species given
by the Nernst-Planck equations, which, in dimensionless form,
read

oc  0*%c 0 (pod
—<=€= —|\l=== 1 3
€ +68x (T ax>’ (3)

op &p 0 [cod
== +E€—= . 4
ot ox? ox @

The ionic charge density, p, is linked to the spatial variation of
the potential through Poisson’s equation of electrostatics, here
given in dimensionless form as

’d
feza—z‘f: p. (5)

Finally, the temperature field is obtained through the dimen-
sionless energy equation [31-33]

o~ N2

%99 ¢ (a—?> ] . ©6)
0X Ox T \ox

The second and third terms on the right-hand side represent the
generalized Joule heating defined as the dot product of ionic cur-
rent and negative of potential gradient [34-36]. This heating term
is composed of, respectively, the electrostatic work due to to diffu-
sion of ions within an electric field and the irreversible heat gener-

ation rate. Three important non-dimensional parameters appear in
Egs. (3)-(6):

e=ip/l, Le=o/D, TI=2c,R/pGC,, (7)

where € is the ratio of the Debye length to the electrolyte layer
thickness, reflecting the EDL’s relative thickness; Le is the ratio of
thermal to mass diffusivity (known as the Lewis number); finally,
IT (in which p is the mass density and C, is the heat capacity)
may be viewed as representative of the solution’s characteristic
osmotic pressure relative to its internal energy or, in other words,
the resistance to concentration changes vs. the resistance to tem-
perature changes. As already mentioned, material properties con-
tained within the non-dimensional parameters are assumed
constant and independent of temperature and composition [31-33].

2.2. Boundary conditions

For all cases considered, the following boundary conditions are
imposed. At the lower electrode surface, X = 0, a constant potential
is set (Eq. (8a)). The electrode is also considered impermeable
(Eq. (8b) and (8c)) and insulated (Eq. (8d)),

=0 (8a)
g 99

" PR-0 (8b)

Jlfi%:o, (8¢)
ox o0xX
aT

_ﬁz 07 (Sd)

where { = FV/RT is the scaled potential, representing the ratio of
the applied voltage to the 'thermal voltage’. In addition, boundary
conditions at X = 1 are (ground) potential (Eq. (9a)) and a vanishing
electric current (Eq. (9b)). The latter condition maintains the overall
solution electro-neutrality, as no ionic charge enters the system.

¢ =0, (9a)
p  0p
xR0 (9b)

We now turn to the oscillatory forcing imposed as a boundary
condition at X =1, according to each transducer configuration.
For a concentration-driven transducer (Fig. 1.b), we have

— Co+ el
=1,

~ o)

where ¢ is the mean salt concentration at the the interface, Js is the
oscillating salt concentration amplitude and @ = w/pL/D is the
ratio of the oscillation frequency to the 'RC frequency’. For a
temperature-driven transducer (Fig. 1.a), we impose

¢ .04

oc ¢ _ 11
xtPox =0 (113)
T =1+ el (11b)

where 67 is the oscillating temperature amplitude.
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Finally, the boundary conditions for the combined case (Fig. 1.
b), are

Cc= Eo + 5TAei“”, (123.)

T =146, (12b)

where A = /970 is the ratio of the oscillating amplitudes of con-
centration to temperature, with 0 representing the phase angle
between the oscillating temperature and concentration.

2.3. Solution for small amplitudes

For small amplitudes, § < 1 (either J; or ér) we expand all vari-
ables as the sum of a mean part of O(1) (subscript m) and complex,
oscillatory, time-dependent perturbation (subscript p) of 0(9), i.e

gx,1)
Additionally, we limit ¢, < ¢, and T, < T,, to maintain a physical
solution (no negative concentration or temperature allowed). Next,
we substitute the variable expansions into Egs. (3)-(6) and
boundary conditions (8a)-(12b) and obtain a problem at each
order. First, we solve the mean problem at O(1), characterized by
stationary boundary conditions. Using solutions to the mean
problems we solve the oscillating fields, at O(5). In what
follows, we present the system of equations and their boundary
conditions. Equations Eqgs. (13)-(23) were solved using MATLAB’s
bvp4c solver.
At leading order, O(1), we have

0 , i O

=gn(x) +g, (x)e@? where g represents ¢, p, ¢ and T [37].

L4 =0, 13
X T, Ox i 13)
Pm | Cm Om
=4t =0, 14
ox +Tm ox i (4
¢ 1.
=~z (15)

The zero charge flux degenerates the energy equation, at lead-
ing order, into a steady-state conduction equation, de-coupling it
from the PNP equations,

PTh
—— =0 16
0, (16)
with the boundary conditions, at X = 0,
bm =, (17a)
acm pm 8¢m
=0 17b
X T, 0x (17b)
Pm | Cn O
Zlm ~m Z¥m _ , 17
ox + Tm OX (17¢)
oT
= 17d
R (17d)
and, at x =1,
ém =0, (18a)
€ = Co. (18b)
Pm = Po, (18c)
Tm=1, (18d)

where p, is the mean charge density.

The mean, time-averaged problem is characterized by a con-
stant salt concentration and charge density flux. With the bound-
ary conditions of an impermeable electrode at X = 0 (Eqs. (17b)

and (17c)) we may determine that these fluxes are equal to zero
at any point. Integrating Eq. (16) further reveals that the mean heat
flux across the solution is also constant and equal to zero due to
the insulated electrode at X = 0 (B.C. (17d)). Hence, the tempera-

ture profile, at leading order, is uniform, i.e. T, = 1. In order to
solve for the concentration and charge density distributions we
must modify the boundary conditions at X = 1 since, in the case
of the concentration-driven transducer, the value of ¢, at the
boundary (Eq. (17d)) is unknown a priori, as only the amplitude
of the oscillating concentration at the boundary is prescribed. Fur-
thermore, in the case of the oscillating temperature transducer, the
additional zero flux condition at X = 1 is redundant since we have
already determined that the mean flux equals zero. Nevertheless,
the notion that the mean problem is time-independant allows us
to determine that the mean concentration in the solution is equal
to its nominal value multiplied by the capacitor thickness and that
the mean charge has to be zero since the solution is, overall,
electro-neutral. In this manner, in order to make the mean problem
solvable, we convert these two zero flux boundary conditions at
the boundary X = 1 into to two integral constraints [38],

1
/andx:l,

0

1
/ HmdX = 0

0

which signify the conservation of the overall electrolyte mass and
electro-neutrality, respectively.

Next, we turn to the oscillating, O(5) problem, for which we
write the PNP equations

(19a)

(19b)

io. ¢, T,0%tm 10~ 0¢n ~ 00 99
—Cp=—= 2,\—p Am == —Am —r A . —Am
e T, OX2 +Tm8x Proag TP % + 8x Pma%
1 (. 99m0T, . 3¢p0Tm . DpmOTm
7 ("'" ®x P"ox ok PP oR ox ) (20)

.~ 2/\ - 2/\
Qﬁp—a Py 55 Pm, 1 6A< 09, cmaqi”>+ (c 8d>m>
Tm Tm oxX

e ox2 T, Ox2 ox\ " ox ox oxX
. Emaf’l’" aTJ’ Emadipaﬂ" E,,affl’“ a{TAm : (21)
Tfn ox o0x oxX 0X ox OXx
*h, 1.
R2 :—gl’m (22)
and the energy equation,
ios  PT, T, &Tn
ele’? ox2 ' T, Ox?
PO PUENPN A~ L~ . ~ 0\ 2
T |9Pn 0By 9Py 0 | Ty 0 0bn T (9m
Le| ox ox O0Xx OX T, OX OX T,\ X '

(23)

The oscillating forcing appears through the boundary condi-
tions. For the concentration-driven case, we have

cp, =1, (24a)

T,=0, (24b)

and for the temperature-driven case,

~ 0Cp = 8cm ~ 84),, O

Thn—=+Tp—+Pn =0, 25
ax v ox TP +Pp £ (25a)

T,=1. (25b)
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Finally, the combination of concentration and temperature
oscillations,

Ty =A, (26a)
T,=1. (26b)
The remaining boundary conditions at X = 0 become
¢p =0, (27a)
& 0Cp =~ OCn a¢> Opm
Tl +T,—2 L —=0 27b
m a + P a5 8X + pm + pp bR ) ( )
~ 0P OPm 0¢>p OPm B
Thm— 5 + Tp R + Cp—2 o + cp i 0, (27¢)
BTP
Zr_ 27d
R (27d)
And the remaining conditions at X = 1,
dp=0 (28a)
0Dy 5 OPm & Wy o Dbn _
Tm R +T, R +Cm % +Cp R 0 (28b)

2.4. Calculation of the current density

Once the distributions of ¢, p, $ and T are found, we can

calculate the electric current, T, generated by the transducer. The
ionic charge flux at any point in the solution is

() =ref (22 T2 e D0 00 Do),

ox T OX T, 90X

in which Re[-] is the real part of a complex quantity. For convenience
in subsequent calculations, the transition point between the two
EDLs, where the charge density equals zero, is defined as X,. The
location of this point shifts in time as one EDL expands and the
other contracts. The ionic charge flux through this point is equal
to the generated electric current 7:}(?07 t). To obtain the dimen-
sional current density, multiply by 2FDc,//p.

3. Results and discussion

Through the solution to our model equations, we wish to iden-
tify the parameter regime for which the transducer’s response to
the oscillations is optimal, in terms of the current amplitude. To
this end, we define the ‘efficiency’,

Tamp (€, Le, @, 0, TT)

)

n

max
I amp

as the ratio of the generated to the maximal scaled current ampli-
tude, achievable for a given set of parameters. Note that this scaling
is used for convenience, with the goal of identifying the conditions
leading to the best response of the transducer, and not necessarily
the greatest power output. In the same spirit, we note that the
choice of parameters is made in order to facilitate a clear and intu-
itive distinction between different regimes rather than a strictly
physical realization of a device.

3.1. The time-averaged problem: Thin versus thick EDLs

Before examining the EDLC’s frequency response and current
generation we begin with the solution to the mean problem, at
0O(1), which describes a constant applied voltage at the electrodes
and the resulting polarization of the electrolyte. In this case, two
EDLs of opposite signs are formed in the vicinity of each electrode
(Fig. 2). In the limit of thin EDLs, i.e., € =% « 1, they appear as
boundary layers close to the electrodes. Within these boundary

layers, ¢, p, and $ decay exponentially to a value dictated by bulk
properties outside the boundary layers - the charge-neutral, well-
mixed electrolyte solution. This 'bulk region’ is characterized by a
zero charge density as well as uniform average salt concentration
and potential gradient (Fig. 2.a-c). In contrast, for thick EDLs,
€ ~ 1, where the Debye length is on the order of the capacitor
thickness, the two EDLs occupy the entire domain, in which case,
the charge density and potential profiles are linear and the ‘bulk
region’ reduces to a single point, (Fig. 2.a-c).

3.2. The effect of characteristic time scales

The EDLC's frequency response can be understood in terms of
characteristic time scales [27,39,40], namely 7, = 1/w, the oscilla-
tion period, and tgc = ApL/D, the characteristic relaxation time of
the electrochemical cell, representing the time scale of EDL charging
(and eventually the generated current’s response time). In addition,
we may define 7, the characteristic time scale of the capacitance
variation, which depends on the driving mechanism of the trans-
ducer - concentration, temperature or both. In the concentration-
driven case, Tc = Tp = LZ/D, where 7p is the diffusive time scale. In
the temperature-driven case, Tc = T, = L* /&, where T, is the conduc-
tive time scale. The ordering Txc : Tc : T, dictates the nature of the
frequency response and, hence, the current efficiency. The ratio
Tc/T» expresses the ability of the concentration or temperature
fields to respond to the oscillatory forcing at the boundary. In the
concentration-driven case, 1Tc¢/T, = /€= ol? /D, while in
the temperature-driven case, 7c¢/T, = w/€ele = wl? /o Most
importantly, the ratio tzc/7c represents the ability of the EDL to
respond to the capacitance variations through diffusive charging

1.2 1 1
a b A c
\\
\\
\\\
E \\
.05 N
Y
N
A
\\
~
\\\
0.9 -1 0 >
0 0.5 1 0 0.5 1 0 0.5 1
T T T

Fig. 2. Mean profiles of (a) dimensionless average salt concentration ¢,, (b) dimensionless charge density p. (c) dimensionless potential $m. Calculations made for a scaled
applied voltage, { = 1. Thin EDLs (€ = 0.1) decay exponentially to a value dictated by bulk properties outside the boundary layers (solid red). For € = 1 the two EDLs occupy
the entire domain and both the charge density and potential profiles are linear, while the ‘bulk’ region reduces to a single point (blue dash). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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and discharging - when this ratio is small, the forcing is too fast for
the capacitor to respond effectively, and conversely, when the forc-
ing is slow, the system is expected to be quasi-steady where the
entire domain has ample time to equilibrate while the temperature
or concentration at the boundary oscillate. We therefore expect to
see an optimum, ‘tuned’ frequency for a given system, a combination
of the forcing frequency, the geometry and the transport coefficients.

3.3. Concentration and temperature-driven transducers

For simplicity, we present the frequency response in the limit of
IT < 1, eliminating any generalized Joule heating. This assumption
allows us to de-couple the energy Eq. (23) from the PNP Eqgs. (20)-
(22) and to solve the temperature profile analytically. The response
efficiency, #, in the concentration-driven case, is shown in Fig. 3,
for different values of €. In this case the temperature profile is sim-
ply T = 1. The frequency response of the current efficiency in the
temperature-driven case is shown in Fig. 4, for different values of
Le. In this case the temperature profile is

0y
R cosh (\/eﬁx) —

T=1+0Re{— > Leiot} (30)
cosh( %)

The most evident conclusion from Figs. 3 and 4 is that higher
values of tgc/7c yield greater current efficiency.

3.3.1. The effect of € and Le

In the concentration-driven case, where tzc/Tp = €, a thicker
EDL responds more efficiently. In the limit of thin EDLs, € <« 1,
the capacitance variation time scale is significantly higher than
the relaxation time, meaning that the response efficiency is not
limited by charge diffusion within the EDL, but rather by the diffu-
sion of ions through the bulk region. In this case, the released ionic
charge (due to EDL capacitance variations) must pass a ‘bulk’
region that separates the two EDLs. In this region, the charge flux
is mostly dominated by electro-migration of ions (the contribution
of diffusion is negligible due to the uniform concentration), making
the electric current proportional to the potential gradient, i.e.,

j; ~ 9% The fact that the electric current is governed by Ohm’s
law suggests that this bulk region is ‘resistive’. Minimizing this

20 , -
15'
<310

0.8
0.6
n
0.4
5

0.2

=

0.8 1

0.2 0.4 0.6

Fig. 3. Current efficiency # of the concentration-driven transducer versus € and @.
Calculations made for a scaled applied voltage { = 1 and scaled boundary amplitude
5 =0.1.
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310 70'577

3 10.4
6 B 0.3
4 - 0.2
2 0.1
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Fig. 4. Current efficiency # of the temperature-driven transducer versus Le and @.
Calculations made for a scaled applied voltage { = 1, thick EDL € = 1, and scaled
boundary amplitude ér = 0.1.

parasitic internal resistance and maximizing the electrolyte’s
capacitance by increasing the thickness of the EDLs results in
greater transduction efficiency. In the temperature-driven case,
Tre/To = €Le, a high thermal diffusivity may compensate the
charge transfer for thin EDLs separated by a significant 'resistive’
bulk region.

3.3.2. The effect of the oscillation frequency
Another conclusion from both Figs. 3 and 4 is that every given
value of € or Le is characterized by two main scaled frequency

1.2 1

\\ la // 1b
~ e
.1 S s 0.5
<Q 1
0.9
0.8 -1
0 0.5 1 0 0.5 1
1.2 z 1 z
: 2a 2b
1
1
! 0.5
1.1 !
1
«Q I, Q0
1
-0.5
0.9 =1
0 0.5 1 0 0.5 1
T T

Fig. 5. Concentration-driven transducer profiles of: (a) dimensionless average salt
concentration ¢ (b) dimensionless charge density p for (1) low scaled frequency
@ = 0.1 and (2) high scaled frequency @ = 100. @t = 0 (blue dash), @t = 7 (red
dot) and mean (yellow solid). Calculations made for a scaled applied voltage { =1,
thick EDL € = 1 and scaled boundary amplitude &, = 0.1. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)
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Fig. 6. Temperature-driven transducer profiles of: (a) dimensionless average salt concentration ¢ (b) dimensionless charge density p (c) dimensionless temperature for (1)
low scaled frequency @ = 0.1 and (2) high scaled frequency @ = 100. @t = 0 (blue dash), @t = 7 (red dot) and mean (yellow solid). Calculations made for a scaled applied
voltage { = 1, thick EDL € = 1, Le = 10 and scaled boundary amplitude ér = 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to

the web version of this article.)

regimes @ ~ Tc/T,. For small @, the current amplitude increases
with @, and the highest frequency in this regime may be consid-
ered as the ‘resonant’ frequency, beyond which a further increase
reduces the response efficiency of the transduction. When
T¢/Tw < 1, the forcing oscillation period is significantly larger than
the capacitance relaxation time (7p or 7,), allowing the concentra-
tion or temperature field to respond to the changes at the bound-
ary. Furthermore, this regime is characterized by a uniform spatial
response of the concentration or the temperature to the periodic
excitation: in both cases (Fig. 61) there is no phase difference
and equal amplitude between each cross-section and the bound-
ary. In this regime, the oscillating EDL expansion mechanism is
the most efficient when charge density accumulation close to
one electrode is instantly compensated by depletion at the oppo-
site side (Figs. 51b and 61b). As long as the condition t¢/7, < 1
is maintained, an enhanced current amplitude may be achieved
with increased scaled frequency.

Conversely, for 7¢/7, > 1, the oscillation period is significantly
smaller than the capacitance relaxation time, and so the concentra-
tion or temperature fields do not have sufficient time to respond to
the oscillation at the boundary. This regime is characterized by a
non-uniform spatial response, where phase differences between

(@

0 0.5m ™ 1.57 2T
0

each cross-section and the boundary emerge and grow as the
scaled frequency increases. The amplitude of the concentration
(Fig. 5.2) and temperature (Fig. 6.2) at each cross-section is low-
ered depending on its distance from the boundary. The transduc-
tion is least efficient once any further increase in the frequency
results in lower charge density amplitude. Finally, at extremely
high scaled frequencies, the profiles approach the mean profiles,
as seen in Figs. 5.2b and 6.2b.

3.4. The effect of the phase difference in a combined temperature and
concentration-driven mode

After investigating the frequency responses of both concentra-
tion and temperature-driven cases, we turn to examine the com-
bined case, and the effect of phase differences between them, on
current efficiency. To capture the sole effect of the phase difference
we set A=1 and Le = 1. In this case, where the non-dimensional
boundary amplitudes are equal and also conductive and diffusive
time scales are of the same order, we do not bias the electrochem-
ical cell towards any EDL expansion mechanism. The frequency
response of # in the combined case is shown in Fig. 7a, for different
values of 0.

(b)

L)
@a .

0 0.5m ™ 1.57 2T
0

Fig. 7. Current efficiency # for the combined concentration- and temperature-driven transducer versus 0 and @. Calculations made for a scaled applied voltage { = 1 and

scaled boundary amplitudes é; = 0.1 and A =1 for (a) Le = 1 and (b) Le = 10.
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Fig. 8. Combined concentration- and temperature-driven transducer profiles of: (a) dimensionless average salt concentration ¢ (b) dimensionless charge density p (c)
dimensionless temperature for (1) minimal phase difference 0 = 0 and (2) maximal phase difference @ = 100. @t = 0 (blue dash), @t = 7 (red dot) and mean (yellow solid).
Calculations made for a scaled applied voltage { = 1, thick EDL € = 1, Le = 1 and scaled boundary amplitudes é; = 0.1 and A = 1. (For interpretation of the references to

colour in this figure legend, the reader is referred to the web version of this article.)

The frequency response is characterized by the same two fre-
quency regimes identified in each previous case. The highest con-
version efficiency is attained by maximizing the phase difference
between the two oscillations, (6 = ), while the minimal efficiency
is reached when the imposed boundary oscillations are in-phase
(0 = 0). This behavior can be understood in terms of the ‘interfer-
ence’ between two ‘coherent waves’. As mentioned above, the elec-
tric current generation mechanism is based upon EDL capacitance
variations attained by elongation and shortening of the character-
istic length of the EDL, /p. Temperature and bulk concentration
manifest as competing effects in terms of EDL expansion and
contraction, as they have an opposing influence on the Debye
length - while a temperature increase results in EDL expansion, a
concentration increase will induce EDL contraction. In an analogy
to wave propagation, the oscillations of these two properties can
be considered as two ‘antiphase coherent waves’, whose combined
‘interference’ is destructive. This situation is depicted in the case of
(0 = 0) in Fig. 8. The synchronization of the two oscillations cancel

the EDL expansion, thus yield minimal (approaching zero)
response efficiency. As a continuation of this analogy, in order to
maximize the efficiency, these two ‘coherent waves’ must form a
‘constructive interference’. This situation is achieved when the
two properties oscillate with maximal phase difference, as
depicted in the case 0 = 7 in Fig. 8.

In most liquid solvents the EDL expansion mechanism is biased
towards a temperature driving force since heat diffusion is much
faster than ion diffusion. The frequency response of # in this more
realistic case, where Le = 10, is shown in Fig. 7b. Here, the maxi-
mum conversion efficiency is attained at a larger phase difference.
Furthermore, in-phase oscillations do not cancel each other
completely.

3.5. Effect of heat generation and electrostatic work

Another parameter connecting the concentration and tempera-
ture oscillations, in a destructive manner, is Il. In the last few

(b)
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0.2
=
0 2 4 6 8 10
1T

Fig. 9. Current efficiency # of the (a) Concentration-driven transducer and (b) Temperature-driven transducer versus IT and &. Calculations made for a scaled applied voltage
{ =1, thick EDL € =1, Le =10 and scaled boundary amplitude é; = 0.1 and Jr = 0.1 respectively.
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sections we have illustrated the conversion efficiency for the dif-
ferent cases, in the limit of IT <« 1, where the temperature profile
is dictated by the temperature oscillations alone, and the general-
ized Joule heating is negligible. In this section, we wish to investi-
gate the effect of the generalized Joule heating. To quantify the
effect of ionic charge transport on temperature, we use the dimen-
sionless quantity IT = 2c,R/pC, appearing in the non-dimensional
energy equation, Eq. (6). This quantity may be viewed as represen-
tative of the ratio between the system'’s resistance to changes in
concentration, to its resistance to changes in temperature. The fre-
quency response of 7, in the concentration and temperature-driven
cases, is shown in Fig. 9 for different values of II.

The most evident conclusion from both Fig. 9 is that lower val-
ues of IT yield greater current efficiency, an expected result since
these represent lossy mechanisms.

In the limit of IT <« 1, the concentration-driven case is charac-
terized by a uniform constant temperature. When IT is no longer
negligible, temperature oscillations emerge and their amplitude
gets higher as IT increases (Fig. 10b). The effect of IT on current effi-
ciency can be understood through examination of the irreversible
heat generation rate in the bulk region that separates the two EDLs
(Eq. (6)). As mentioned above, the ionic charge flux must pass a
‘resistive’ region where the charge flux is mostly dominated by
electro-migration of ions and the electric current is governed by
Ohm’s law. Similar to an electric current flowing through a resistor,
this electro-migrative current flowing through the ‘resistive’ region
is characterized by irreversible heat generation. This heating term,

~ ~ 2

H?C—P <0;%> , appearing in Eq. (23), the O(6) energy equation, sug-
gests that the temperature oscillations associated with irreversible
heat generation are in phase (Fig. 10) with the concentration
oscillations. As mentioned in the previous case of combined oscil-
lations, these two properties can be considered as two ‘antiphase
coherent waves’ whose combined ‘interference’ is destructive,
resulting in lower current efficiency.

While higher generalized Joule heating results in more pro-
nounced temperature oscillations in the concentration-driven case,
the opposite is true in the temperature-driven case (see Fig. 11). In
the limit of IT <« 1, the temperature oscillation at the boundary
propagates through the domain via conduction. However, in the
presence of generalized Joule heating, a significant part of that heat
is invested in the electrostatic work required to transfer an ionic
charge through the electric field. As IT increases, this energy diver-
sion results in a decreased temperature amplitude, meaning the

0.99 a
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driving force force EDL expansion is disrupted, and the conversion
efficiency declines.

4. Concluding remarks

In this study, we presented a mathematical model describing
the physical response and performance of a conceptual electric-
double-layer capacitor (EDLC)-based transducer, as it converts
periodic concentration and temperature oscillations into an alter-
nating electric current. For simplicity, and in order to make first
steps into understanding this interesting device, several assump-
tion have been made that offer interesting paths for future
improvement. For example, in this work we restricted ourselves
to the case of a fully dissociated, symmetric 1:1 salt and equal, con-
stant diffusion coefficients of the two ionic species. Future work
may expand the model into asymmetric electrolytes and consider
non-constant transport coefficients. Furthermore, considering a
finite ion size with modified PNP equations that account for steric
effects [41] and supplementary Stern layer boundary conditions
may provide a more accurate picture of the EDLs under confine-
ment. The small amplitude perturbation analysis assumes that
the mean problem, which is the time averaged problem per cycle,
is only a function of the spatial coordinate. This simplification
omits the time-averaged temperature increase due to irreversible
heat generation [31]. Furthermore, in this work we considered
capacitance variations with constant voltage at the electrodes, gen-
erating a zero mean current. Therefore, in this configuration, the
EDLC serves only as an energy transducer. Energy harvesting is
possible when the EDLC is connected to a resistor [42], in which
case the voltage boundary condition at the electrode must consider
the resistor’s voltage drop, which is dependent on the electric cur-
rent generated by the EDL modulation.

Through the solution to the model equations, we identified the
range of parameters for which the transducer conversion capability
is optimal, using a conversion efficiency defined as the ratio of the
generated current amplitude to the maximal current amplitude
achievable for a given set of parameters. We find that the
transducer’s optimal performance is governed by two main factors:
geometric confinement, namely the minimization of the capacitor
thickness, and a resonant frequency dictated by characteristic mass
and heat diffusion times. Achieving the former is a requisite for
high-frequency operation, but may be challenging to manifest in
practice. Furthermore, we concluded that simultaneously
occurring temperature and concentration oscillations may have
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Fig. 10. Concentration-driven transducer time-variation at Xo, marking the transition point between the EDLs: (a) average salt concentration ¢ and (b) dimensionless
temperature T. IT = 0 (blue solid), IT =1 (red dash) and IT = 10 (yellow dot). Calculations made for a scaled applied voltage { =1, thick EDL € =1, Le = 10 and scaled
boundary amplitude 6; = 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Temgerature-driven transducer time-variation at Xp, marking the transition point between the EDLs: (a) average salt concentration ¢ and (b) dimensionless
temperature T. IT = 0 (blue solid), IT =1 (red dash) and IT = 10 (yellow dot). Calculations made for a scaled applied voltage { = 1, thick EDL € = 1, Le = 10 and scaled
boundary amplitude é; = 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

competing effects in terms of EDL expansion and contraction. The
destructive ‘interference’ between these two properties can be
seen, for example, when both oscillations are in-phase, i.e.,
(0 = 0). Furthermore, in the concentration-driven case, tempera-
ture oscillations induced by high generalized Joule heating disrupt
the driving force for EDL expansion. This also occurs in the
temperature-driven case, since a significant part of that heat is
invested in parasitic heat sinks rather in temperature variations
necessary for enhancing the electro-migrative driving force.
Ultimately, the ability to describe the response of capacitive
devices to external stimuli, be it for harvesting naturally occurring
fluctuations or engineered systems where such oscillations are
controllably produced, represents a promising route to the
improved design of efficient devices for real-world applications.
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