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Thermoacoustic phenomena, that is, onset of self-sustained oscillations or time-averaged fluxes in a
sound wave, may be harnessed as efficient and robust heat transfer devices. Specifically, miniaturiza-
tion of such devices holds great promise for cooling of electronics. At the required small dimensions,
it is expected that non-negligible slip effects exist at the solid surface of the “stack”-a porous matrix,
which is used for maintaining the correct temporal phasing of the heat transfer between the solid and
oscillating gas. Here, we develop theoretical models for thermoacoustic engines and heat pumps that
account for slip, within the standing-wave approximation. Stability curves for engines with both no-
slip and slip boundary conditions were calculated; the slip boundary condition curve exhibits a lower
temperature difference compared with the no slip curve for resonance frequencies that characterize
micro-scale devices. Maximum achievable temperature differences across the stack of a heat pump
were also calculated. For this case, slip conditions are detrimental and such a heat pump would main-
tain a lower temperature difference compared to larger devices, where slip effects are negligible.
Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4948658]

The conversion of heat to acoustic oscillations (or sound)
is generally referred to as thermoacoustics. Thermoacoustic
devices consist of an acoustic resonator in which a short seg-
ment contains a porous medium (called a stack or a regenera-
tor) that dramatically increases the area of solid-fluid interface.
These devices can either use heat to sustain a temperature gra-
dient along the stack, triggering spontaneous self-sustained
oscillations of the fluid (engine), or use such oscillations, i.e., a
sound wave, as a mechanical work input to pump heat from
one side of the stack to the other (heat pump).

The no-slip boundary condition, used to model thermoa-
coustic devices, is valid for very small values of the Knudsen
number (Kn ¼ lm=rh, where lm is the mean free path of the
fluid and rh is the representative length scale of a channel in
the stack), i.e., Kn " 0:01. As the size of a device is decreased,
Kn increases and, depending on the mean pressure, can exceed
10#2, for which the slip at the surface is no longer negligible.
The regime Kn $ 0:1 represents the transition flow governed
by the Boltzmann equation, with some reported solutions for
specific cases in thermoacoustics,1–3 but a complete theory for
this regime has not yet been developed.

Here, we consider the intermediate range 0:01 " Kn
" 0:1, which is consistent with the slip flow regime. In such
a case, the linear theory of thermoacoustics developed by
Rott4 still applies but is modified by slip at the surface.5 The
slip flow regime is relevant to micro-scale, standing wave
thermoacoustic devices. While such devices were built and
operated in the ultrasonic frequencies6,7 (the smallest operat-
ing at 23 kHz), a theoretical model is absent. In what follows,
we develop the linear theory of thermoacoustics, with the
goal of understanding the basic operation of micro-scale
devices.

We begin with the linearized equations of momentum and
energy transport.4,8 These assume fully developed, incompres-
sible flow, with all oscillating quantities taken to first order in
the fluctuations, i.e., g ¼ gm þ Re½g1ðx; yÞeixt), where g is ei-
ther pressure (p), velocity (u), temperature (T), or density (q),
and x and t are angular frequency and time, respectively. The
subscripts m and 1 denote mean and first order quantities,
respectively, and x and y are as indicated in Fig. 1. The mo-
mentum and energy conservation equations are, respectively8

l
@2u1

@y2
# ixqmu1 ¼

dp1

dx
; (1)

k
@2T1

@y2
# ixqmcpT1 ¼ qmcp

dTm

dx
u1 # ixp1; (2)

where l is the dynamic viscosity, k is the thermal conductiv-
ity, and cp is the constant-pressure heat capacity.

The slip flow boundary conditions apply in the intermedi-
ate range of 0:01 " Kn " 0:1 and are developed in detail by
Kennard.9 The positions at which the boundary conditions are
given, y¼ rh and y¼ 0, can be seen in Fig. 1. For stationary,
solid parallel plates, these boundary conditions are given by

u y ¼ rhð Þ ¼ #lm
@u

@y

!!!!
y¼rh

; (3)

FIG. 1. Schematic illustration of a half-wavelength resonator with a stack of
length L positioned at X0. On the left# 2 representative parallel plates in the
stack (separated by 2rh) and the coordinate system.a)Electronic mail: ramong@technion.ac.il

0003-6951/2016/108(18)/183902/4/$30.00 Published by AIP Publishing.108, 183902-1

APPLIED PHYSICS LETTERS 108, 183902 (2016)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Download to IP:  79.180.174.175 On: Fri, 06 May 2016
10:12:00

http://dx.doi.org/10.1063/1.4948658
http://dx.doi.org/10.1063/1.4948658
mailto:ramong@technion.ac.il
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4948658&domain=pdf&date_stamp=2016-05-05


T y ¼ rhð Þ ¼ #
2c

Pr cþ 1ð Þ
lm
@T

@y

!!!!
y¼rh

; (4)

where c is the ratio of specific heats and Pr ¼ !=a is the
Prandtl number, where ! and a are the kinematic viscosity and
thermal diffusivity of the gas, respectively. The minus sign
corresponds to the direction of the normal to the surface. The
remaining boundary condition is symmetry at the mid-plane

@u1

@y

!!!!
y¼0

¼ 0; (5)

@T1

@y

!!!!
y¼0

¼ 0: (6)

The solution to Eq. (1) with the appropriate boundary
conditions yields the velocity distribution between the plates

u1 x; yð Þ ¼
i

xqm
H!

dp1

dx
; (7)

in which

H! ¼ 1# cu *
cosh ŝ! !yð Þ
cosh ŝ!ð Þ

; (8)

where !y ¼ y=rh with rh denoting half the plate spacing (see
Fig. 1). Here, we define the parameter s! ¼ rh

ffiffiffiffiffiffiffiffiffiffiffi
x=2!

p
, which

represents the ratio of the viscous time-scale and the oscilla-
tion time-scale. We further define ŝ! ¼ s!ð1þ iÞ, and

cu ¼
1

1þ s! tanh ŝ!ð ÞKn
; (9)

which determines the impact of the slip at the surface; it is
easily verified that for vanishing Kn numbers cu + 1, and the
no-slip solution is recovered.

The solution to the energy conservation equation yields
the distribution of temperature fluctuations between the
plates,

T1 x; yð Þ ¼
Hap1

qmcp
# 1

ix
dTm

dx

*
Ha # PrH! þ Pr 1# cu

cT!

# $
1# Hað Þ

1# Prð ÞF!

0

B@

1

CA
U1;

(10)

where Ha, as with H! , is a y-dependent function with a
matching coefficient cTa ,

Ha ¼ 1# cTa *
cosh ŝa !yð Þ
cosh ŝað Þ

: (11)

Here, we define the parameter sa ¼ rh

ffiffiffiffiffiffiffiffiffiffiffi
x=2a

p
, which repre-

sents the ratio of the conduction time-scale to the oscillation
time-scale. Similar to the earlier definition, ŝa ¼ sað1þ iÞ
and

cTi ¼
1

1þ 2c
Pr cþ 1ð Þ

ŝi tanh ŝið ÞKn
; (12)

where i denotes either ! (for viscous effects) or a (conduc-
tion effects). As with cu, for Kn, 1; cTa + cT! + 1, corre-
sponding with the no-slip boundary condition. Further, F!
and U1 are the cross-sectional averages of H! and u1,
respectively.

Onset of self-sustained oscillations in a thermoacoustic
engine occurs when the temperature gradient along the
stack is steep enough to trigger an instability in the fluid.
The stability limit may be defined by the temperature gra-
dient for which the acoustic work is zero. At this point, the
acoustic work produced exactly balances the losses through
viscous dissipation and thermal relaxation and any addition
of heat will result in further amplification of acoustic
oscillations.

Following Swift10 and Atchley,11 we write the differen-
tial equation for the acoustic work flux:

d _W

dx
¼ 1

2
Re ep1

dU1

dx
þfU1

dp1

dx

% &
; (13)

where the tilde sign denotes a complex conjugate and Re½-)
represents the real part of a complex quantity. Expressions of
dp1=dx and dU1=dx are given as12

dp1

dx
¼ # ixqm

F!
U1; (14)

dU1

dx
¼ #ix

cpm
1þ c# 1ð Þ 1# Fað Þ
' (

p1 þ
1

Tm

dTm

dx

*
F! # Fað Þ # Pr 1# cu

cT!

# $
1# Fað Þ

1# Prð ÞF!

0

B@

1

CA
U1: (15)

For the sake of simplicity, we use the standing wave approxi-
mation which assumes that the longitudinal distributions of
the pressure and velocity follow those of an inviscid, ideal
standing sound wave, hence

p1 ¼ pA cos
x

k

# $
; U1 ¼

ipA

qma
sin

x

k

# $
; (16)

where pA is the pressure amplitude, a is the speed of sound,
and k is the wave length ðk ¼ a=xÞ.

Using Eqs. (14)–(16), we integrate Eq. (13) over the
length of the stack and equate it to zero to solve for DTonset,
the temperature difference across the stack for which the
instability is triggered. A linear mean temperature distribu-
tion is assumed along the stack since before onset conduc-
tion serves as the only mechanism for heat transfer in the
stack.

The total heat transfer in thermoacoustic heat pumps,
assuming an ideal gas as the working fluid, is8

_Q xð Þ ¼
1

2
qmcp

ð
Re T1 eu1½ )dA# Ak þ Asksð Þ dTm

dx
; (17)

where A and As are the gas and solid cross-sectional areas,
while k and ks are the thermal conductivities of the gas and
solid, respectively. Using Eqs. (7) and (10), we solve the in-
tegral in Eq. (17) to yield
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_Q xð Þ ¼
A

2
Re

p1
fU1

fF!
Fa þ Pr -fF!

1þ Pr

" #

# qmcpA

2x

* jU1j2

jF!j2 1# Pr2ð Þ
dTm

dx
B# Ak þ Asksð Þ dTm

dx
; (18)

where

B ¼ Im Fa þ PrfF! þ fF! # Fa

' (
Pr 1# cu

cT!

# $% &
: (19)

The first term on the right side of Eq. (18) represents the
effects of compression and expansion, which pumps heat up
the temperature gradient to achieve cooling. The second and
third terms represent the convective heat flux in an oscilla-
tory flow and conductive heat transfer, both directed down
the temperature gradient and, hence, represent losses. Setting
Eq. (18) to zero signifies no net heat flux, corresponding
with the largest temperature difference across stack.
Integrating over the length of the stack gives the temperature
difference between the hot and cold sides.12

All physical quantities, such as viscosity, heat capacity,
speed of sound, etc., are dependent on temperature (Tm),
which varies with x in the stack. To retain simple, analytic
expressions, we assume the dependencies of these quantities
are relatively weak over the relevant temperature ranges
across the stack and take them as constants.

Stability curves have been calculated for no-slip (Kn¼ 0)
and slip (Kn¼ 0.1) cases. The area above the curves repre-
sents the unstable region, for which onset of self-sustained
oscillations will occur. As seen in Fig. 2, for sa < 1:1, the
presence of slip requires a lower temperature difference for
onset of oscillations, compared with the no-slip boundary con-
ditions. Miniaturization of a thermoacoustic engine implies
both an increase in frequency and a decrease in the length
scale rh. As sa . rhx1=2, an overall decrease towards sa

< 1:1 can be expected as the size of an engine is pushed
down to micro-scale. For example, the spacing between stack
filaments in a thermoacoustic engine operated at .20 kHz
(with Kn¼ 0.0125) was reported7 to have sa + 1.

Fig. 3 (calculated for sa ¼ 1) shows an approximate 10 /C
difference between the minima of the two curves, as well as a
shift of the minima (for the slip curve) towards the velocity
antinode. While the minimal temperature difference can be
lower for the no-slip curve (as seen in Fig. 2 for 1:1 < sa

< 2:6), the shift of the minima for the stack’s position in the
slip curve remains for all values of sa. This indicates a physical
difference between the no-slip and slip boundary conditions
that suggests micro-scale thermoacoustic engines (that are con-
sistent with slip boundary condition) can produce sound waves
of lower amplitude compared with “normal size” thermoacous-
tic engines, but at a lower temperature gradient.

As noted earlier, setting _QðxÞ ¼ 0 and integrating over
the length of the stack yields the steady temperature differ-
ence maintained by a heat pump. Fig. 4 presents the tempera-
ture difference across the stack as a function of sa for
helium. The slip curve is always below the no slip curve.
While the mechanism of compression and expansion is not
significantly affected by the slip at the surface, the convec-
tive heat loss is greatly enhanced by it. This enhancement is
given by B in the second term on the right side of Eq. (18)
(shown in details in the supplementary material12). As the
Kn number increases, the velocity at the surface is larger and

FIG. 2. DTonset for no-slip (Kn¼ 0) and slip (Kn¼ 0.1) conditions as a func-

tion of sa 0 rhðx=2aÞ1=2. The cold side temperature is Tc¼ 325 [K], the
stack length is 10% of the resonator # L ¼ 0:1ðk=2Þ, and the stack is posi-
tioned at X0 ¼ 0:2ðk=2Þ. Helium properties are taken at atmospheric pres-
sure and 375 [K]. The region in the inset represents values of sa typical of
micro-scale thermoacoustic devices.

FIG. 3. DTonset for no-slip (Kn¼ 0) and slip (Kn¼ 0.1) conditions, as a func-
tion of the stack position inside the half-wavelength resonator. The tempera-
ture at the cold side of the stack is Tc¼ 325 [K], and the length of the stack
is 10% of that of the resonator # L ¼ 0:1ðk=2Þ, and sa ¼ 1. Helium proper-
ties are taken at atmospheric pressure and 375 [K].

FIG. 4. Temperature difference across the stack, DTstack, for no-slip (Kn¼ 0)
and slip (Kn¼ 0.1) conditions as a function of sa 0 rhðx=2aÞ1=2. Helium
properties are taken at atmospheric pressure and 300 [K], and the pressure
amplitude is taken as 5% of the mean pressure # pA ¼ 0:05pm.
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more heat is convected down the temperature gradient, much
like Taylor-Aris dispersion. This increases the net heat flux
that is driven against the desired aim of a heat pump.

To summarize, models for thermoacoustic engines and heat
pumps with slip at the solid surface were derived and compared
with the existing no-slip models. Micro-scale thermoacoustic
engines that will operate at ultrasonic frequencies, where sa < 1
and Kn + 0:1 are expected to reach onset at a lower tempera-
ture difference than is predicted by the no-slip case. Conversely,
heat pumps with slip at the surface suffer greatly from the
enhanced convective heat loss and can be expected to maintain
lower temperature differences than their no-slip counterparts.

The authors acknowledge the support from the Nancy
and Stephen Grand Technion Energy Program (GTEP).
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